Abstract. Let "^(p) be the class of all holomorphic functions /in the unit disc A such that /(0) = 0 and there exists an arc "Cf C 3 A with length |iy| > p such that limj/(z)| > 1, z -» t Btf. In 1935, J. L. Doob asked, in essence, whether the Bloch norms {||/|| = sup,eA|/'(z)|(l -\z\2)} have a positive lower bound for the class ^(p). We show that if / e °()(p) there exists a Zj e A such that I Pi mía i \2\ «, 2 sia<-* -P/2>
1. Introduction. For fifty years the problem of determining precise estimates for the Bloch and Landau constants has been pursued actively. We describe the problems with the unit disc A in the complex plane as the domain for all functions which are assumed to be holomorphic unless otherwise specified. The Bloch number of a function/is b(f) = sup{r|there exists a subdomain A, C A such that/is univalent on A, and/(A,) contains a (Euclidean) disc of radius r}, and the Landau number of /is Kf) = SUP{/I/(A) contains a (Euclidean) disc of radius r). The lower estimate for ¿>(<$) is by Heins [12] , improving Ahlfors' estimate [1] b(% ) > V3 /4; the upper estimate for b(% ) is by Ahlfors and Grunsky [2] ;
Presented to the Society, March 7, 1978 under the title On two problems of Doob about the ranges of analytic functions and on April 15, 1978 under the title A conjecture of Doob; received the corresponding estimates for l(%) are by Pommerenke [15] improving AJilfors [1] and Robinson as reported by Hayman [11] . For ¿z(S) the estimates are by Landau [13] and Robinson [16] . Other families of functions have been studied in this connection (see, for example, Hayman [10] ).
In a series of papers begun in 1932, Doob [5] -P] considered certain boundary value problems as well as Bloch and Landau constants for a class of functions with a different normalization from <&. For any 0 < p < 2it, Doob defined ty (p) as the family of all functions / with /(0) = 0 such that there exists an open arc Tf (depending on /) in 3A with length \Tf\ > p and such that Umz^T|/(z)| > 1 for each t gT,. In [7] Doob showed that ¿(^(p)) is positive for each 0 < p < 2it and also that there exists a positive constant a(p) such that/ G 'S implies a(p)f E ^(p). More precisely he showed that a(p)f ° g G ^(p) for some function g, \ g\ < 1, g(0) = 0, where g depends on /. The reverse implication was thought by Doob to be false. If L is a Möbius transformation of A onto A, then it is Because the function x~'log;c has a maximum value of l/e which occurs when x = e, the inequality (1.2) says that M (T*) lies in one of the intervals [ 1, e) or (e, oo]. Also, since g is a continuous function, the possible values of A/(T*) form a connected set. Because there exist small arcs T* for which M(T*) < e, we must have M(T*) < e for each arc T*. But M(Tf) = oo since 0 G 35(p0, Tfy) and g(0) = oo. This contradiction proves the theorem. The constant a(p) is best possible, at least in the limiting case a(p) ->2/e as p -> 2tt. The functions /"(z) -z" all are in ^(p) for all 0 < p < 2î7. A brief calculation shows that |t^'(z)|(1 -|z|2) has a maximum value of 2(n/(n + 1))[1 -2/(n + lyf-')/2 which tends to 2/e as n -> oo.
This theorem yields a new approach to upper bounds for b(%), in that /G ^(p) implies that b(%) < 6(/)(o(p))_1 and a similar inequality for e7i((z + l)/(z-l)) _ e-n 1" (Z> = 1 _ en((z + l)/U-\))e-n is in ^(p) for each zz = 1, 2, ..., and any 0 < p < 27r. Because /" omits -«"". KL) -O + «""V2 and so '(fi) < (o(p))_,((1 + e"")/2). Letting p -» 2ir and az -» oo gives /($) < e/4 ~.679. Whether better estimates can be obtained awaits further study.
